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f- ^ Abstract. In this paper, we study the number of additional zeros of Dirichlet L-function 

£SJ I caused by multiplicity by using Asymptotic Large Sieve. Then in asymptotic terms we 

prove that there are more than 80.124% of zeros of the family of Dirichlet L-functions 
[ are distinct and more than 60.248% of zeros of the family of Dirichlet L-functions are 

■ simple. In addition, assuming the Generalized Riemann Hypothesis, we improve these 

00 \ proportions to 83.216% and 66.433%. 



(N 



1. Introduction 



Let L{s,x) be a Dirichlet L-function, where s = cr + it, x (mod q) is a character. It is 
defined for cr > 1 by 

oo 

(1) L(s,x) = YjX(n)n~ s . 

m ; « =1 

Let^- (mod q) be a primitive character. The total number of zeros p = fi + iy of L(s,x) 
f — ■ with < fi < 1 and \y\ < T, say N(T,x), is known asymptotically very precisely 



(2) ^(r,^) = -iog|^ + o(io g ^r), t>3. 



We define the number of distinct zeros and the number of simple zeros of a single 
L(s,x) as follows 



N d {T, X ) = \{p=/3 + iy:0<y<T, Up, X ) = 0}|, 
N S (T,X) = \{p = fi + iy < y < T, L{p, X ) = 0, L'(p, X ) * 0}|. 

It is believed that Nd(T,x) = N s (T,x) = N(T,x), which means that all zeros of Dirichlet 
L-function are simple. This is known as the Simple Zero Conjecture. 

As a special case, for the Riemann zeta-function, there is a long history of the study 
of the Simple Zero Conjecture, and the topic has been studied by a lot of papers (to see 
[HI 13 S S dQl for example). 

In 1995, Farmer [9| proved that at least 63.9% of the zeros of the Riemann zeta-function 
are distinct. Farmer proved this by useing a combination method which was based on 
proportions of simple zeros of ^ n \s, 1). 

It is known that more than 40.58% of zeros of the Riemann zeta-function are simple, 
which was proved in 2011 by Bui, Conrey and Young's work This work was main 
based on Levinson's method (to see (31 |H HI [HI) but with a more general mollifier than 
before. If assumed the Riemann Hypothesis, Cheer and Goldston proved in 1993 that 
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more than 67.275% of zeros of the Riemann zeta-function are simple. They proved this 
by improving Montgomery and Taylor's works lfl4l[T5l . 

In 1 998, under the assumption of the Riemann Hypothesis and the Generalized Lindelof 
Hypothesis, Conrey, Ghosh and Gonek proved that more than 84.56% of zeros of the 
Riemann zeta-function are distinct and more than 70.37% of zeros of the Riemann zeta- 
function are simple. 

However, for general Dirichlet L-function with x ^ 1> there is not any result until 
Conrey, Iwaniec and Soundararajan's recent work [7]. In their work, they proved that 
at least 58.65% of zeros of the family of Dirichlet L-functions are on the critical line 
(1/2-line) and simple by Asymptotic Large Sieve (to see [6 |) and Levinson's method. 

In this work, we work on the number of distinct zeros and simple zeros of the family of 
Dirichlet L-functions. Here we do not care about the relationship among zeros of different 
Dirichlet L-functions. Let p\ be a zero of L{s,x\) and p 2 be a zero of L(s,X2) with^i ^ xi, 
we always think p\, p 2 are two different zeros of the family of Dirichlet L-functions even 
though pi = p2 numerically. 

Let ^(x) be a non-negative function defined as in 0, which is smooth, compactly 
supported on R + . Put 



where Q > 3 and T > 3. Here the superscript * restricts the summation to the primitive 
characters. Accordingly, we also define 



for Q > 3 and T > 3. 

In the following we will first study the number of additional zeros of Dirichlet L- 
function caused by multiplicity. Here the number of additional zeros caused by multiplic- 
ity means the number of zeros counted according to multiplicity minus one. Then we will 
obtain that there are more than 80.124% of zeros of the family of Dirichlet L-functions 
are distinct and more than 60.248% of zeros of the family of Dirichlet L-functions are 
simple. In addition, if assume that the Generalized Riemann Hypothesis holds, we can 
obtain better results both on distinct zeros and simple zeros. For convenience, we state 
our main results as follows. 

Theorem 1. For Q and T with (log Qf <T < (log Q) A we have 



(3) 





and 




(4) N d (T, Q) > 0.80124/Y(L, Q), N S {T, Q) > 0.60248/Y(L, Q), 

where A > 6 is any constant, provided Q is sufficiently large in terms of A. 



If the Riemann Hypothesis for the family of these Dirichlet L-functions holds, we ob- 
tain the following result. 
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Theorem 2. Assume the Generalized Riemann Hypothesis. For Q and T with (log Qf < 
T < (log Q) A we have 

(5) N d (T, Q) > 0.83216MT, Q), N S (T, Q) > 0.66433MT, Q), 
where A > 6 is any constant, provided Q is sufficiently large in terms of A. 

Acknowledgements. I am very grateful to Professor Banghe Li and Professor Shaoji 
Feng, my thesis advisors, for their encouragement on my work. I also want to thank the 
lecture "Ergodic Prime Number Theorems Seminar 2012". 

2. SKETCH OF THE PROOF 

We note that if p, a zero of L(s,x), is a non-simple zero, it must be a zero of 

(6) G(s,x) = L{s,x)^\{s,x) + *L'(s,x)iff2(s,x) 

with multiplicity reduced by at most one. Here \j/i{s,x), ^i{s,x) can De an y analytic 
functions and A can be any constant. Hence the number of additional zeros of L(s,x) 
caused by multiplicity in any region is not more than the number of zeros of G( s,x) in the 
same region. 

It is therefore important to find a such G(s,x) that has less zeros in the critical area 
(0 < Re(s) < 1), but this work is very hard. A more feasible way is to partition the critical 
area into some sub areas, and then for each sub area we may find a G(s,x) that has less 
zeros in the area. Then the number of additional zeros of L(s,x) caused by multiplicity in 
the critical area are not more than the number of the sum of zeros of these G(s,x) in the 
corresponding sub area. 

In this work, we partition the critical area into the left part (Re(s) < 1/2) and the right 
part (Re(s) > 1/2). 

Firstly, let us consider the left side (Re(s) < 1 /2). Actually, the estimate of additional 
zeros in the left side is only required in the proof of Theorem \T\ In this side, we choose 
G(s,x) = g'(s,x), where 

&s,x) = H(s,x)L(s,x) 

with 

(7) H(s, X ) = ^(s - l)(-j T( j. 

About the number of zeros of ^\s,x) for primitive character x, we may have the 
following lemma, which can be proved similarly as Lemma 2 in [0. 

Lemma 3. Let x be a primitive character. For any integer j > 0, all zeros of ^\s,x) 
satisfy < <x < 1. Let Npf>(T,x) denote the number of zeros of£ (j \s,x) with -T < t <T, 
then 

N^(T,x) = - log |^ + OjiXogqT). 
n 2ne 

The functional equation for L(s,x) says 

(8) h(xX(s,x) = kx)Z(l - s,x), 



where 



h(x) _ t(x) 
h(x) ~ ia-x(.-V) q V2 

with \h(x)\ = 1, t(x) = Zl =1 X(n)^p(2nin/q). 

From © it is easy to see that if p is a zero of so is I - p. Therefore, by Lemma 

[3] for 7 = 1 and the symmetry of zeros of ^(s,^), we can see that the number of zeros of 
£'(s,x) in the left side, N^j(T), satisfies 

(9) N?JT, X ) = \{N{T,x) - N^ C {T, X )\ 

where N^ iC (T,x) denotes the number of zeros of £'(s,x) on the critical line. Hence it is 
important for us to obtain a lower bound for the number of zeros of <;'(s,x) on me critical 
line. 

We now come to the right side. Let cr = 1/2 - R/ log q, where R > is a constant to 
be specified later. Choosing A = l/(rlogq) with q = q/n as in 0, let G(s,x) be defined 
by © with 

nm n V V(n)x(n) ( \ogX/n \ 

(10) ^ 2(5 '^ = ^ ^T^Mloi^)' 

where p. is the Mobius function, X = q° with < 9 < 1. Here Pi, P2 are polynomials with 
Pi(0) = P2(0) = 0, Pi(l) = P2(l) = 1, which will be specified later. It is worth remarking 
that this choice of i/r, is not the best, some other possible choices of can be found in 

Let D be the closed rectangle with vertices 1/2 - iT, 3 - zT, 1/2 + zT, 3 + iT. Let 
Ng(2),x) denote the number of zeros of G(s,x) in D, including zeros on the left boundary. 
It is obvious that zeros of G(s,x) in the right side of the critical area are not more than 
zeros of it in D. 

From the discussion above, it follows that the number of additional zeros of L(s,x) 
caused by multiplicity in the left side is not more than the number of zeros of g'(s,x) in 
the left side, and in the right side is not more than N G (D,x)- So, by ® we may have the 
following formula about the number of distinct zeros of L(s,x ) 

N d (T,x) > \N(T,x) + \n?, c (T, X )-N g {D,x)- 

In addition, the number of all non-simple zeros counted according to multiplicity are not 
more than 2N^j(T,x) + 2N G (D,x) since each non-simple zero has multiplicity at least 2. 
Thus for simple zeros we have 

N d (T,x) > N(T,x) - 2N e ,t(T,x) - 2N G (D,x) 

= N?JT,x) - 2N G (D,x). 
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If assume the Riemann Hypothesis for this L(s,x), we need not care about the left side 
since there is no zero in this side. Then we have 

N d (T,x)>N(T,x)-N G (D, X ). 
Similarly, for simple zero we have 

N s (T,x)>N(T,x)-2N G (D,x). 

As we see, it is important therefore to obtain a lower bound for N^ tC (T,x) and an upper 
bound for N G (D,x)- Unfortunately, at the present state of technology we are unable 
to obtain a useful evaluation of them for individual characters x (modg). However, by 
averaging over the conductors q and the primitive characters x, we are able to g et a useful 
evaluation of them by Asymptotic Large Sieve. 

As the definition of N(T, Q) in © we define 

^® = E-^r E N o(p.x\ 

q<Q ^ KHJ Ximodq) 

and 

^2)=e^ e* 

q<Q YyHJ Xi^odq) 

for Q > 3 and T > 3. Then we have 

(11) N d (T, Q) > l -N{T, Q) + l -N?, c (T, Q) - N G (D, Q), 

(12) N S (T, Q) > N e>c (T, Q) - 2N G (D, Q). 
If assume Gerenalized Riemann Hypothesis, we have 

(13) N S (T, Q) > N(T, Q) - 2N G (D, Q). 

(14) N d (T, Q) > N(T, Q) - N G (D, Q), 

In the following, we will first introduce an asymptotic large sieve result in section [3] 
Then we will obtain a upper bound for N G (D, Q) in section 0] and a lower bound for 
N?, C (T, Q) in section [51 

3. ASYMPTOTIC LARGE SIEVE RESULT 

To evaluate N G (D, Q) and Ng> tC (T, Q), we need to evaluate the following sum 
y TW01ogq 

XT 
L(cr + a + it,x)Up-Q + /? - it,x)t/fh(o- + it,x)tfti 2 (cr - it,x)dt 



^(mod^) ' 



'i 2 v 

-T 



for a, (3 <sc 1 / log Q. We will evaluate this sum from the following lemma, which was 
implied in the work of Conrey, Iwaniec and Soundararajan [jT). 
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Lemma 4. Suppose that if/\{s,x\ fii(s,x) are defined by ATuv . For sufficiently large Q, 
T with log 6 Q < T < log^ Q and constant A > 6, let X = q e with < 9 < 1, o" = 
1/2 - R/ logq, a,fi «: 1/log 2 and hi = h/(h,k), k\ = k/(h,k). Then, for i\,i 2 = 1,2, 

y gW01ogq 



XT 
L(cr + a + it,x)L(cr +J3- it,x)i// h (cro + it,x^J, z Ur {) ~ it.x'ult 



'i 2 \ 

X(modq) ' 

(15) 
(16) 

,a+cro-l/2jM8+cro-l/2 

Fia^huh) = hf-^k^-^^cro + a+(3)+ 1 f(2 - 2cr - a -/?), 

and 0*(<?) denotes the number of primitive characters (mod q) as in 0. 

We now evaluate the sum over h and k in the right side of (TT3T > . Making the following 
variable changes 

a = (cr + a - 1/2) log q «: 1, 

b = (o- +/3- 1/2) log q« 1, 
we find that the formula (fT6l becomes to 

, ; a/ log q . log a , 

We also approximate £(s) near 1 by (s - 1) _1 getting the following asymptotic values 

a + M logq / a + b\ logq 



A\ + a + b \ „ lQ gq U\ _ a + b \ ^ log< 

I log q / a + b ' I log q / a + 

Then we get 

(17) f(a,b,h u h) ~ !^t i/l0g V l0gq - e- fl "X /l08q ^ /l0gq l 

Substituting (fT71) into the right side of (031 ) we have 

vv jj^iik) ( \ogX/h \ ( logX/k \ 



logq f y y v(h)p(k) / logX//n / logX/fc \ 

^ a + & l^^^ 1/2 ^ 1/2 ^ /2+ '' /l0g % 1/2+fl/1Ogq lo § X ' lo § X ' 
n ^ _ P —> V V AfWQ p / logX//z \ / logX/M ] 



To evaluate the sum over h and k within the brackets we appeal to Lemma 1 of flU, which 
says that 

y y KhMk) AogX/h \ / logX/k \ 

lulu h m k Yi2 h m+m k m^. h \ \ og x J h \ logX J 

h<X k<X n *■ n l K l b b 

i r 1 

(19) ~ — J o (P' h (t) + co, logXP h (tj)(P' h (t) + co 2 \ogXP h (t))dt 

holds uniformly in complex numbers 0)\,u)i <sc (logX)" 1 . Recall that X = q 6 . Substituting 
(fT9l) into CED we get 

vv M%#) F . ( logX/h \ n / logX/M 



/1<X /t<X 



(20) - (^Thjei 8 ^' a) " e ~ a ~ h Sh,h<,-a, ~b)) 
with 

(21) g iu h(a,b)= f (P' h (t) + aeP h (t))(P' h (t) + beP i2 (t))dt. 

<J 

Substituting d20| into (O we have 
y y(g/6)logq 

XT 
L{o~ o + a + it,x)L(cr Q + J3 - it,x)i// h (a + ^,^)^- 2 (cr - /f,£)<fr 



q<Q 



holds uniformly in complex numbers a,/3 <sc (logq) l , where a = (<x + a - l/2)logq, 
b = (ctq + /? - 1 /2) log q. Moreover (|22l admits differentiations in a,/?. 



4. UPPER BOUND FOR N G (D, Q) 

Let £)] be the closed rectangle with vertices ctq-H, 3-iT, cr +iT, 3+iT. Suppose G(3+ 
it,x) 0. Determine argG(cr+iT,x) by continuation left from 3+iT and MgG{cr-iT,x) by 
continuation left from 3-iT. If a zero is reached on the upper edge, use lim G(cr+iT+ie,x) 
as 6 — » +0 and lim G(<x - zT - ze,^) on the lower edge. Make horizontal cuts in T>\ from 
the left side to the zeros of G in Applying the Littlewood's formula (to see [[T3l ), we 
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have 



J log |G(cr + it,x)\dt - J log |G(3 + it,x)\dt 



l-T J~T 

+ J argG(o- + iT,x)dcr - I argG(cr - iT,x)dcr 

(23) = 2n J] dist(p), 

where dist(p) is the distance of p from the left side of Dy. 

Recall the definition of if/j for i = 1, 2. A direct calculation shows that if/j(s,x) ^ q for 
Re(s) > 0. Hence GO,*) <SC (Tq) 2 for Re(s) > 0. Then we have 

(24) f a vgG(cr + iT,x)d<T = 0(\og(Tq)). 

Jcro 

by using Jensen's theorem in a familiar way as in §9.4 of [16]. Similarly, we may have 

(25) f MgG(o--iT,x)do- = 0(log(Tq)). 

Jo-Q 

By a direct calculation we can see 

AL\3 + it,x)iff2(3 + it,x) « 0(1/ log q) 

and 

CO oo 

|L(3 + iY,^Mi(3 + it, X )\ > 1 - 2 ^ n' 3 - ( £ n" 3 )' > 1/3. 

2 2 

Hence, from © we have 

<26) £ 



log |G(3 + it,x)\dt = J log |L(3 + &,Ar¥i(3 + *f,#)k& + 0(77 log q). 
Since for <x > 1 

A(n)*(n) 



n s \ogn 



it follows taking the real part that 

(27) J^\og\L(3 + it,x)\dt«\. 

For the entire function ifri(s), it is easy to see, for a > 3, 

, , x 1 , 1 1 P v 1 51 . 
\Ms) - 1 < — + — + —< — + -—< 2 

r w 2^ 3^ J 3 Y 7 2°- 23°- 

Therefore, log ty\{s) is analytic for cr > 3. Integrating on the contour cr + iT, 3 < cr < oo; 
3 + it, -T < t < T; cr + iT, 3 < cr < oo gives 



1-cx 



(28) 



log |^(3 + it,x)\dt< 



J logi/ri(3 + it,x)dt 



0(1). 



Substituting (|27|) . (1281) into (|26l> . we have 

(29) J log |G(3 + iJ >Ar )|A « r/ log q. 

From the above discussion, it is easy to see G(3 + it,x) ± 0. Then using (1241) . (1251) . (1291) in 
(1231) and by the condition that (log 6 <T< (log A for some constant A > 6, we have 

log |G(tr + it, X )\dt + 0(7/ log q) = 2tt Y dist(p). 



Since D <z D\ and all zeros of G in closed rectangle 2) are at least distance 1 /2 - <x = 
i?/ log q from the line <x = cr , it follows that 

(30) iV G (£>,Ar) ^ ^^Xr l0§ + + ° {T) ' 

It would be important if one can give a useful evaluation of the right side of (|30l . However, 
at the present state of technology we are unable to obtain a useful evaluation. It is not 
until recently, due to Conrey, Iwaniec and Soundararajan's important work on Asymptotic 
Large Sieve, we can get a useful evaluation of this by averaging over the conductors q and 
the primitive characters x- 

Summing both sides of (|30l ) over q < Q and primitive characters x, we have 

Ng(£>, Q) < ^ Yj l° gq Z* f log |G((r ° + [t ^ dt + ° mT > Q)) - 

71 q<Q ^ ximodq) T 

By the concavity of the Logarithm function we get 

(3D N G (D,Q) < (^logc(e,r,R) + o(lj)N(T,Q), 

where c(8, r, R) is defined by 

q<Q ^ YV1J q<Q *W *(mod 9 )^ 1 

Here (f>*(q) denotes the number of primitive characters (mod q). We have used log qT to 
replace log q in (|3TT) to obtain the item N(T, Q), this replacement can be made because we 
have assumed that (log Qf <T< (log Q) A for some constant A > 6. 

It is obvious that *P(^) log q in (1321) still satisfies the condition of ¥(^) given in the def- 
inition of N(T, Q). Hence we can evaluate the right side of (|32l) by using the Asymptotic 
Large Sieve result. Recalling the definition of G{s,x) in ©, A = 1 /(r log q), we have 

|G(cr + zY,^)| 2 = L(<t + it,x)L(<T - it,x)ilfi(<T + it,x)^i(<T - it,x) 

+ —r- — L Vo + it,x)L(o~o ~ it,x)i/s2(o- + it, x)^ 1(^0 ~ it,X) 
rlogq 

1 

+ -: L(o- + it,x)L (cr - it,x)i//i(cr Q + it,x)^2{cr Q - it,x) 

rlogq 

+ — — j—L'(o- + it,x)L'(o- - it,x)^i{o-o + it,x)^i(o-o - it,x). 
r l log q 



Substituting this into (I32|) . we have 
(33) 



y>(l) logq £M . M Du + — j— — D 
£jj Q (p{q) 2T\ rlogq 



21 + — ; D u + — — z—D 2 2 1. 



rlogq 



r 2 log 2 q 



where 



X 



¥(g/6)logq 



L {h \o-q + it,x)L (n u (cr - it,x)ilfi x (<rQ + it,x)^i 2 ((r - it,x)dt. 



• fe-l) 



^(modg) 



Choosing a = /3 = in (|22l) . we get 



(34, ^g^,^ 



(a + b)0 



a=b=-R 



with gi u i 2 (a, b) defined by (|2"Tb . Differentiating (1221) in a and choosing c = ft = 0, we get 



(35) D 2l ~ 2T log q( V log q^k 



0*(<?)U (g2,i(b,a)-e " b gi,\(-a,-b) 



(a + fc)0 



a=b=-R 



Differentiating (1221 in p and choosing or = J3 = 0, we get 



(36) D l2 ~ 2T log q( ^ log q^)3, 



<t>*(q)\^ fgia(b,a) - e " b gu 2 (-a, -b) 



(a + b)6 

Differentiating (1221 both in a, f3 and choosing or = J3 = 0, we get 

fxt\ r> on 2 /Vu/^m (82,2(b,a)-e- a - b g2,2(-a,-b) 

(37) D 22 ~ 2T log q > ¥(-) log q— — <3 a , J 

V ^ 2 0(<?) / V (a + 

Substituting d34l>- ((3~7l into d3~3l . we have 

c(6,r,R) ~h u (a,b)\ a=h= _ R + -5^ 2il (a,&)| fl=fe= _ R 

(38) + -d b h 12 (a, b)\ a=b= _ R + ^d a , b h 2>2 (a, b)\ a=h= _ R , 
where 

h iuh (a, b) =-^—g ) { f o fa® + beP h {t)){P' h {t) + a6P h {t))dt 
^ L ( P ' h(t) ~ a6Pi ^){ P h^ ~ b9P h (t))dt^. 



a=b=-R 



a=b=-R 



(39) 



Taking 6=\-e,r= 1.154, R = 0.617, 

Pi(jc) = x - 0.158x(l - x) + 0.25x 2 (l - x), 

p 2 (x) = x - 0.492jc(1 - x) + 0.075jc 2 (1 - x), 
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and making e — > 0, we get c(6, r,R) = 1.230108 • • • , then from (l3TT ) we have 

N G (D, < 0.167835iV(r, Q). 



5. ZEROS OF ON THE CRITICAL LINE 

In this section, we will study the number of zeros of the family of £'( s,x) on the critical 
line by Asymptotic Large Sieve and Levinson's method. Actually, we do not follow the 
way in flU, which studied the proportions of zeros of ^ n \s, 1), n > 0, on the critical line, 
but use the Levinson's method generalized by Conrey in [4]. One may see that the way 
in this section will give a better result about proportion of zeros of £'(s,x) on the critical 
line than the way in |fj). 

From the functional equation © it is easy to see that h(x)^ n \s,x) is real for s = 1 /2+ it 
when n is even and is purely imaginary when n is odd. Let 8 + be real, g n , n > 1, be 
complex numbers with g n real if n is even and g„ purely imaginary if n is odd. Let T be a 
large parameter and 

£ = log(Tq). 

Now define 

N 

rj(s,x) = (1 - 8)%{s,x) + 8?(s,x)£~ l +Yj8n^ n \s,x)£-" 

for some fixed iV. Then, for 5 = 1/2 + it, 

8h(x)?(s, X ) = Im(h(x)n(s,x)), 

so that g'(s) = on a = 1/2 if and only if lm(h(x;)r](s,x)j = 0. Observe that for every 

change of n in the argument of h(x)r](s,x) it must be the case that Im(h(x)rj(s,x)) has at 
least one zero. Hence it follows that 

(40) N?, c (T,x) > ^A c arg(h(x)7](s,x)) = ^A c ^g7](s,x), 

where A c arg stands for the variation of the argument as s runs over the critical line from 
1 /2 - iT to 1/2 + iT passing the zeros of rj(s,x) from the east side. 

To estimate the change in argument of rj(s,x) on the critical line, we let rj(s, x) = 
H(s,x)V(s,x), where H(s,x) is defined in © and 

6_/H' 



V(s,x) =(1 - S)L(s,x) + ^—( S ,x)L(s,x) + L'(s,x)) 
+ f^y(n\ H^\s,x) L{k2) 



By the Stirling formula, for \t\ > 2, we have 



arg//(l/2 + /0 = ^log^ + O(l), 
2 2ne 



ll 



and 



H (m) a s 

-u*) = (i/2io g |-r(i + 0(i/M)) 



H v ' °2n 

for t > 10, < cr < A\, here A\ can be any positive constant. (For a proof of these 
formulas, see Lemma 1 of [fj).) Hence we may have 

(41) Aarg?7(l/2 + it, X f_ T = Tlog ^- + AargV(l/2 + /f,^)[ r + 0(T) 

and denote V(s,;f) by 

™ ■{(> - '* H¥ 4s W¥ ♦ ^)M (1 + 

with 

As in (flOl ), we use the mollifier 



n<X 



where fi is the Mobius function, X = q e with < 6 < 1 . Here P is a polynomial with 
P(0) = 0, P(l) = 1 which will be specified later. By the Cauchy's argument principle and 
Jenson's theorem, it is not difficult to see 

AargV(l/2 + it, X tf_ T \ = 2nN?{D,x) + 0(£). 

Here N^(D,x) denote the number of ^'(s,x) in the closed rectangle D defined before. 
Then, if <2o(l/2) = 2, by applying Jenson's theorem and Littlewood's formula as in sec- 
tion HI we can show that 

(42) |AargV(l/2 + it, X )\ T _ T \ < ^ f log \Vi{,(cr + it,x)\dt + 0(T), 
where 

o-o = 1/2 -Rl log q, 

R «: 1 is a positive real number. Here, the reason for requiring the condition <2o(l/2) = 2 
is to ensure the integration log \Vif/(3 + it,x)\dt caused by using Littlewood's formula 
is 0(T I logq). To evaluate the integral in the right of (|421 we use the following useful 
approximation to V(s,x), 

(43) ^ ) = ( 1 -, + 5(l + |^) e( -l^„ ) , 



where 



e(x) = ^!2o(l/2-x). 



If restrict Qix) to be a real polynomial, then the restriction of g n and the condition that 
<2o(l/2) = 2 are equivalent to Q'(x) = Q'(l - x) and 2(0) = 1. It is easy to see that the 
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error caused by the substitution of V with U can be absorbed by the error term in ( 142 
Hence by Lemma[3]and (l40l)-d43i 

vr 



N? <C {T, X ) > N(T,x)(\ + o(l)) - ^ f log |t/«A(o- + 



Summing both sides of the above formula over q < Q and primitive characters x-> we have 
(44) 

1 *F(-)logq r T 
iV> ,c(T, Q) > N(T, 0(1 + o(l)) - — ^ |— ^* I log|[/,A( C ro + ^)| 2 ^. 

^ q<Q x(mo dq) J - T 

Let (log Qf <T< (log A for some constant A > 6. We refine the definition of U which 
was previous defined in (1431 to 

(45) U(s, X ) = (l - S + 6(1 + r^--f )W - W*) 

V v logqds'/ \ log q as) 

with 2 defined as before. The error caused by this refinement in (@4) can be absorbed by 
the error term. 

Substituting this refined U into (|4"4l and using the concavity of the Logarithm function, 
we get 

(46) N e , c (T, > (l - 1 log Cl (9,R) + o(lj)N(T, 0, 
where ci(9,R) satisfies 

(47) c ,(fl,«E*<|)"'8<l^ ! = 5 ? E-^E J WH<ro + it,xtd>- 

q<Q ^ YV1J q<Q YV1J ximodq)^-' 

Then using formula (1221 in (|47l ) as in section |4l we get 

Cl (e,R) ~(l-6 + 6(1 + 2d a )Q(-d a )}(\ -6 + 6(1+ 2d b )Q(-d b )) 
g(b,a)-e- a - h g(-a,-by 



(48) x 
where 



6(a + b) 



a=b=-R 



g(a,b)= f (P'(t) + aeP(t))(P'(t) + beP(t))dt. 

kJ 

Taking B=\-e,R = 0.75, 5 = 0.771 

P(x) = x- 0.4513jc(1 - x) - 0.6518jc 2 (1 - x) + 0.2881x 3 (l - x), 

Q(x) = 1 - 0.6718* + 0.365(x 2 /2 - x 3 /3) - 4.65(x 3 /3 - x 4 /2 + x 5 /5) 

into (1481 and making e — » 0, we have by (1471) that 

N e , c (T, > 0.938 \5N(T, Q). 

By now we have proved that more than 93.815% zeros of the family of %'(s,x) are on 
the critical line, which gives a lower bound for N^, C (T, Q). We note that the method in 
lT3l is actually equal to the case 6 = 1. In 0, it proved that more than 81.37% zeros of 
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the g'(s, 1) are on the critical line by using a mollifier of length T l/2 e . To obtain a lower 
bound for N^ >C (T, Q), if follow the way in [|3l but with a mollifier of length Q l £ as in this 
section, we may only obtain N?, C (T, Q) > 0.8414N(r, 0. 

6. COMPLETION OF THE PROOF 

We have obtained that 

N G (!D, < 0.167835jV(7\ 

in section |4] and 

N?, C (T, > 0.93815iV(r, 0. 
in section \5\ Then by (fTTT) . (PT21) we have 

NAT, > l -N(T, Q) + ^N e , c (T, Q) ~ N G (D, Q) 

> + 0.469075 - 0.167835)iV(r, > 0.80124iV(r, 0, 

and for simple zero 

N S (T, Q) > N? )C (T, Q) - 2N G (D, Q) 

> (0.93815 - 0.33567)MT, = 0.60248A^(r, 0. 

Hence we have proved Theorem [T] 

If assume the Generalized Riemann Hypothesis holds, from (TT31 , (PT4l we have 

N d (T, > N(T, - N G (D, > 0.83216iV(r, 0, 

and 

NAT, > N(T, - 2N G (D, Q) > 0.66433iV(^, 0- 

Hence we have proved Theorem |2] 

Remark. Using Levinson's method, we may estimate the proportions for simple zeros 
of the family of % {n) (s,x), n > 0, and then use Farmer's combination method as in [|9) to 
get a lower bound for the proportion of distinct zeros only. However, the result obtained 
by this way is worse than TheoremQ] As mentioned in |Q, our method can be generalized 
to GL 2 and GL 3 L-function. 
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